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ABSTRACT. We study moduli spaces of maximal orders in a ramified division 
algebra over the function field of a smooth projective surface. As in the case 
of moduli of stable commutative surfaces, we show that there is a Kollar-type 
condition giving a better moduli problem with the same geometric points: the 
stack of bit Azumaya algebras. One virtue of this refined moduli problem is 
that it admits a compactification with a virtual fundamental class. 



Contents 

1. Introduction 1 
Acknowledgments 2 

2. Normal orders and parabolic Azumaya algebras 2 

2.1. Hereditary orders over dvrs 2 

2.2. Globalization for terminal orders 4 

3. Naive relative maximal orders 5 
3.1. Definitions and basic geometric properties 5 

4. Moduli 9 

4.1. Notation and assumptions |9 

4.2. Naive families 10 

4.3. Bit Azumaya families 12 

5. Relations among the moduli problems 12 

5.1. Pushforwards of Azumaya families are naive families [12 

5.2. Naive families over complete dvrs and reflexive bit Azumaya 

algebras [13 

5.3. Local structure of reflexive Azumaya algebras on families of 

rational double points 13 

5.4. Proof that $ is a proper bijection la 

5.5. Proof that $ need not be an isomorphism 15| 

6. Generalized Azumaya algebras on X lj 
References 13 



1. Introduction 

Much recent progress has been made on the structure theory of maximal 
orders over algebraic surfaces. Several authors have produced a satisfying 
minimal model program for such orders (a sampling of which is represented 
by (U [6l E'| and their references). Others have studied the moduli of Azumaya 
orders in a fixed unramified division algebra and related moduli problems (e.g. 

ma m e H9). 
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In this paper we extend the moduli theory to orders in a ramified Brauer 
class. In so doing we encounter a phenomenon similar to that which occurs 
in the moduli theory of stable projective surfaces, arising from an analogue 
of Kollar's condition on the compatibility of the reflexive powers of the dual- 
izing sheaf with base change. Because the global dimension of our orders is 
2, things are technically rather simpler than in Kollar's theory, and we arrive 
at a satisfying moduli space with a natural compactification carrying a virtual 
fundamental class. 

As in the commutative theory, the naive moduli problem (given by fixing the 
properties of the fibers of a family) contains a refined version as a bijective 
closed substack. This refined moduli problem can be described as a moduli 
problem of Azumaya algebras on stacks rather than orders on varieties. (One 
can also interpret this refined problem as a moduli theory of parabolic Azu- 
maya algebras.) These Azumaya algebras have a precise interaction with the 
ramification divisor arising from the structure of hereditary orders in matrix 
algebras over discrete valuation rings, first described by Brumer, giving them 
a structure we call Brumer log terminal, or bit. 

We begin in Section [2] by studying the local problem, relating hereditary al- 
gebras over complete dvrs to Azumaya algebras over root construction stacks. 
This is globalized in Section [2721 A simple approach to families of maximal or- 
ders is described in Section[3l The two resulting moduli problems are described 
in Section [4] and compared in Section [5] (with a proof that they can differ in- 
cluded in Section lB~5l ). The comparison relies crucially on ideas similar to those 
introduced by Kollar in his theory of hulls and husks and a local analysis of 
reflexive Azumaya algebras on families of rational double points. Finally, in 
Section [6] we describe how to compactify the Azumaya problem using algebra- 
objects of the derived category of a stack (that one might think of as "parabolic 
generalized Azumaya algebras") along lines familiar from 1151 . yielding a vir- 
tual fundamental class. We naively hope that perhaps these classes will be 
useful for defining new numerical invariants of terminal orders. 

Acknowledgments 

The authors had helpful conversations with Daniel Chan, Paul Hacking, and 
Colin Ingalls while working on this paper. During the course of this work, the 
first author was partially supported by NSF grants DMS-0603684 and DMS- 
1004306. The second author was partially supported by an NSF Postdoctoral 
Fellowship, NSF grant DMS-0758391, a Sloan Research Fellowship, and a Uni- 
versity of Washington Faculty Fellowship. 

2. Normal orders and parabolic Azumaya algebras 

2.1. Hereditary orders over dvrs. Fix a discrete valuation ring R with uni- 
formizer t and residue field k. Fix a separable closure n c k. Fix a positive 
integer n invertible in R. Given a positive integer r, let n : 3E r -> Spec R be the 
stack-theoretic quotient of the natural action of /x r on R[s]/(s r - t). The root 
construction provides an isomorphism B/x rJ j ( S£ r <g>RK) re d- An Azumaya al- 
gebra srf on S£ r thus gives rise to an Azumaya algebra on Bfi r ^ by restriction. 
By §4.1 of [11], any such algebra is isomorphic to the sheaf of endomorphisms 
of the vector bundle on Bfj, r K associated to a representation of fi r . Call this the 
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representation associated to si; this representation is denned up to tensoring 
with a character. 

Definition 2.1.1. Say that a hereditary order A over R is of type m if A <g> R hs 
has exactly m distinct indecomposable projective modules, where R hs is the 
strict Henselization of R. Given a positive divisor m of n, call an Azumaya 
algebra si over of type m if representation associated to si is the restriction 
of scalars of the regular representation of \i m via the natural quotient map 

Consider the category "J of faithfully flat quasi-finite etale i?-schemes U — >• R 
with R of pure dimension 1. This category carries a natural topology generated 
by surjections. We will call this the hereditary site of Spec R. Define two stacks 
on the hereditary site of Spec R as follows. 

Definition 2.1.2. Given an object U — > Speci?, an Azumaya algebra si on %\j 
is n-typed if for each closed point u e U the restriction of si to S£ <S>r &u,u has 
type m for some positive integer m dividing n. A hereditary order A on U is 
n-typed if for every closed point u e U, the restriction of A to &xj,u nas type m 
for some positive integer m dividing n. 

Definition 2.1.3. Given an object U — > Spec R of J, the stack A n has as objects 
over U the groupoid of n-typed Azumaya algebras si of degree n on 3£ xs P cc rU. 
The stack 9C„ has as objects the groupoid of n-typed hereditary orders on U. 

Since the n-typed Azumaya and hereditary properties are etale-local, it is 
clear that both A n and J£„ are stacks. 

Proposition 2.1.4. For any object si e A n (U), the finite Gu-algebra ir*si lies 
in "K n . The resulting map of stacks A n — ► Ji n is a l-isomorphism. 

Proof. Since both stacks are limit-preserving and the statements are etale- 
local on U, it suffices to prove the following: if R above is a strictly Henselian 
discrete valuation ring then for any locally free sheaf y of rank n and type m 
on 9C , the i?-algebra ir^Snd^) is hereditary of type m, and in fact this gives 
an equivalence of groupoids between Azumaya algebras of degree n and type 
monl and hereditary i?-algebras of degree n and type rn. Indeed, since 
Bi(K(R))[n] = 0, the generic fiber of any hereditary i?-order and the Brauer 
class of any Azumaya algebra of degree n over 9£ are trivial, which reduces us 
to the case of matrix algebras and orders therein. 

We recall Brumer's fundamental description of hereditary orders (HHH (com- 
bined with Artin-de Jong characterization of the number of indecomposable 
projectives = number of embeddings in maximal orders): given a if -vector 
space V of dimension n, the hereditary orders in End(F) of type m are equiv- 
alent to collections of i?-submodules {Mi c V} ie z such that for all i we have 
Mi + i c Mi and M l+m = tMi, up to a shift of indices. The equivalence is given 
by sending {Mi} to the ring of endomorphisms / of V such that for all i we 
have f{Mi) c Mf, this filtered endomorphism ring is then the hereditary order 
corresponding to the filtered module {Mi}. 

On the other hand, Azumaya algebras of type m on 3£ n are the pullbacks of 
Azumaya algebras si' of type m on 3£ m , and any such algebra si' is isomorphic 
to the pushforward of its pullback to JT„ via the natural map S^ n -> 3£ m . 
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Thus, it suffices to prove the proposition in case n = m. The filtered module 
{Mi} is precisely an object of the category of parabolic vector bundles with 
denominator n, called Par^ (Spec i?, (t)) in (2), and the corresponding order is 
nothing other than the endomorphisms of the parabolic sheaf. Just as in (2], 
we know that there is a locally free sheaf V on SE n giving rise to {Mi} in such 
a way that End(^) equals the endomorphisms of the parabolic sheaf. But the 
i?-module End(Y) is precisely ir»Shd(f). 

What is "f"! Since each inclusion M<+i c Mi is proper, the eigendecomposi- 
tion of f must have n distinct summands, which implies that the representa- 
tion associated to 'f is the regular representation. 

What are the automorphisms of A := -K^Snd{Y)l Any i?-automorphism of A 
localizes to a if -automorphism of End(T^), which by the Skolem-Noether the- 
orem is given by conjugation by an automorphism <j) of V. If this conjugation 
is to preserve the set of morphism stabilizing the filtered module {Mi} then 
itself must preserve the filtration, which means precisely that 4> is induced by 
an automorphism of the parabolic sheaf corresponding to {Mi}, which in turn 
is equivalent to cj> being induced by an automorphism of "V . Thus, the induced 
map hxxtiSndiV)) -> Aut(A) is a bijection, as desired. □ 

The reader wishing to avoid stacks can also interpret the equivalence purely 
in terms of parabolic sheaves: the hereditary orders on R are equivalent (as a 
groupoid) to "parabolic Azumaya algebras": parabolic sheaves of algebras lo- 
cally isomorphic to the parabolic sheaf of endomorphisms of a parabolic vector 
bundle with denominator equal to the type of the order. This seems to hold no 
advantage (when the type is bounded as it is) over the formulation in terms of 
root stacks. 

2.2. Globalization for terminal orders. Let a be a terminal Brauer class 
over the function field of a smooth surface X in the sense of 1 6]. The ramifica- 
tion data of a yield a simple normal crossings divisor D = D\ -\ \- D m c X, 

and for each component Di a ramification degree &i\n. Let n : X — > X be 
the smooth stack that is given by the fiber product (with respect to i) of the 
root construction of order e; along Di. Let r/i be the generic point of Di. As in 
Section [2~T1 an Azumaya algebra over SC has associated representations over 
each B/Lt e . )K r Di ); call the representation associated to Di the ith representation 
associated to 80 ' . 

Definition 2.2.1. An Azumaya algebra stf on S£ is Brumer log terminal (bit) 
if for every i the local Azumaya algebra stf ni has type e^. 

Recall that a normal order with center X and Brauer class a is called termi- 
nal in the notation of (6). 

Proposition 2.2.2. Pushforward by it defines an equivalence ofgroupoids be- 
tween bit Azumaya algebras on 3£ and terminal orders on X with Brauer class 
a. 

Proof. The proof is mainly a routine globalization of Proposition |2?L41 

First, we have that the pushforward of any such si is normal, as we can 
check this locally at any codimension 1 point, where this is an immediate con- 
sequence of Proposition [2~L4l Thus, the pushforward of a bit Azumaya algebra 
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is normal, as desired. To show that 7r» is essentially surjective, note that since 
any maximal order A is reflexive we have that 

a= n a x , 

and similarly for bit Azumaya algebras on 3£ , where X^ is the set of codi- 
mension 1 points of X and A x := A®0x, x is the localization. Moreover, 7r» 
commutes with the formation of intersections. It thus suffices to prove the 
analogous result for localizations at codimension 1 points (keeping track of the 
embedding in the generic algebras), which is precisely Proposition 12. 1 .4] 

To show that 7T* is fully faithful, it suffices to prove the analogous statement 
upon replacing X by its localization at ?y,. Indeed, since the maximal orders A 
and the Azumaya algebras srf are reflexive, we have that for any bit Azumaya 
algebras srf and £% with pushforwards A and B the isomorphisms are given by 

Isom(>/,^)= Pi M^i^i) 

and 

Isom(A,B)= P| lsom{A x ,B x ) 

where X^ is the set of codimension 1 points of X and the intersection takes 
place inside the set Isom(^,^) of isomorphisms of the generic algebras. 
Since Propostion l2.1.4l shows that lsom(&/ x , 8S X ) = Isom(A x ,B x ), the result fol- 
lows. □ 

In more classical terms, terminal orders are parabolic Azumaya algebras 
with parabolic structure along the ramification divisor. 

3. Naive relative maximal orders 
3.1. Definitions and basic geometric properties. 

Definition 3.1.1. Let Z be an integral algebraic space. A torsion free coherent 
sheaf stf of ^z-algebras is a maximal order if any injective morphism — > 3$ 
of torsion free &z -algebras that is an isomorphism over a dense open subspace 
U c Z is an isomorphism. 

We will prove that maximality in a family is a fiberwise condition. 

Definition 3.1.2. Given a morphism X — > S with locally Noetherian geomet- 
ric fibers, an S-flat family of coherent sheaves is an 5-flat quasi-coherent &x- 
module & of finite presentation. If X has integral fibers, we will say that a 
possibly non-flat quasi-coherent Gx -module of finite presentation <S is torsion 
free if its geometric fibers % are torsion free coherent 6x 3 -modules. 

Definition 3.1.3. Given a flat morphism X — > S with integral fibers, an S-flat 
family of coherent ^-algebras is 

(1) a relative maximal order if for any T — > S and any injective morphism 
s&p — > 88 into a torsion free ffx T -algebra that is an isomorphism over a 
fiberwise dense open subspace U c X T is an isomorphism; 

(2) a relative normal order if the geometric fibers sf are R\ and S 2 , in the 
sense of©. 
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While relative normality is denned as a fiberwise condition, relative maxi- 
mality is not obviously so. Let us prove this. 

Lemma 3.1.4. Suppose X is a proper integral algebraic space over an alge- 
braically closed field k. A coherent sheafs/ of Gx -algebras is a maximal order 
on X if and only if it is a relative maximal order on Xj Spec k. In particular, for 
any field extension K/k we have that sJ ' ®K is a maximal order on X®K. 

Proof. Since any relatively maximal order is obviously maximal, it suffices to 
assume that srf is maximal and prove that it is relatively maximal. Suppose 
si T — > S3 is an injective map to a torsion free <^Xt ~ a lg e b ra that is an iso- 
morphism over the fiberwise dense open U c Xt- For any geometric point 
Spec K — > T, the base change si K — > S§k is thus injective and an isomorphism 
over a dense open of the scheme X K - If we can show that this restricted map 
is always an isomorphism then the result is proven. Thus, we are reduced to 
the case in which T = Spec K with K an algebraically closed extension field of 
k. 

Since 38 is of finite presentation, we may assume by a standard limit argu- 
ment that there is a finite type integral /c-scheme T" — > Spec k, a torsion free 
algebra S§' over T' with an injective map <j> : s/t 1 —> Si' , and a dominant mor- 
phism Specif — > T' such that the base change of <f> isomorphic to the given 
inclusion s/ T — > 88. The locus over which cj) is an isomorphism is an open 
subscheme U' c Xt> whose restriction to the geometric generic fiber over T" is 
non-empty. By Chevalley's theorem the image of U' in T' is constructible, hence 
contains a dense open, whence shrinking T" we may assume that V is dense in 
every fiber. But now T" has a dense set of fc-points (as it is of finite type over an 
algebraically closed field), and we know by assumption that for any such point 
t' e T' the restriction s&t' 8&t> is an isomorphism. We conclude that U' = T', 
which finishes the proof that si is a relative maximal order. □ 

Remark 3.1.5. Note that if the base field k is not assumed to be algebraically 
closed, the result of Lemma 13. 1 .41 is false. Indeed, there are Brauer classes on 
varieties X over a field k which are ramified but become unramified over the 
algebraic closure of k. Any maximal order over k will be geometrically heredi- 
tary but non-maximal at the generic points of the preimage of the ramification 
divisor in I®t A simple example is furnished by the quaternion algebra 
(x, a) over k(x, y), where a is a non-square element of a. This gives a ramified 
algebra on P 2 whose base change to k is trivial, and it follows that no maximal 
order can be relatively maximal. 

Proposition 3.1.6. Suppose X — > S is a flat morphism of finite presentation 
between algebraic spaces whose geometric fibers are integral. An S-flat family 
of torsion free coherent &x- algebras si is a relative maximal order if and only if 
for every geometric point s —} S the fiber s/ s is a maximal order on the integral 
K,(s)-space X s . 

Proof. It follows immediately from the definition that the geometric fibers of 
a relative maximal order are maximal. To prove the other implication, by 
Lemma 13.1.41 it suffices to assume that the geometric fibers are maximal and 
show that srf is maximal (i.e., we may assume that T = S; lifting geomet- 
ric points to T by taking field extensions does not disturb the hypotheses by 
Lemma l3.1.4D . 
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Suppose i : si — > 88 is an injection into a torsion free Gx -algebra that is an 
isomorphism over a fiberwise dense open U c X. To prove that i is an isomor- 
phism it suffices to work locally on S, so we can assume that S = Spec A for A 
a local ring whose closed point s is the image of a geometric point over which 
si is maximal. Since i is an isomorphism over a fiberwise dense open and si 
and 88 have torsion free fibers, the reduction l s : si s — > 88 s is injective and an 
isomorphism over a dense open. Since si a is maximal (as follows immediately 
from the same being true of its base change to k{s)), we conclude that t s is an 
isomorphism. By Nakayama's Lemma, we have that i is surjective, whence it 
is an isomorphism, as desired. □ 

Corollary 3.1.7. Suppose X is a smooth projective surface over a field k and 
D is a central division algebra over its function field. Let k — > R -» k be an 
Artinian k-algebra with residue field k. Given a maximal order si C D, any 
infinitesimal deformation of si over X ®kRis a maximal order in the generic 
algebra D ® fc R. 

Proof. There's only one geometric fiber! □ 

Proposition 3.1.8. Suppose X — > S = Spec A is an algebraic space of finite 
presentation with integral fibers over a local ring A with residue field k. An 
A-flat family of torsion free 6 \- algebras si is a relative maximal order if and 
only if its geometric closed fiber is a maximal order on X k. 

Proof. We may suppose that A is Noetherian and reduced. By Proposition 
13.1. 6[ it suffices to prove that the geometric fibers are all maximal, which im- 
mediately reduces us by a pullback argument and Lemma [3.1.4| to showing that 
if A is a discrete valuation ring with algebraically closed residue field then the 
generic fiber of si is a maximal order (in the absolute sense). 

Let si v 8§ n by an injection into a torsion free 0x„ -algebra that is an 
isomorphism over the generic point of SE V . Let 7 e X be the generic point of the 
closed fiber and let 5 e X be the generic point of X. Considering localizations 
as quasi-coherent sheaves on X, we can focus on quasi-coherent sheaves of 
algebras containing si whose localizations at 7 are isomorphic to si 1 via the 
natural inclusion. A standard argument shows that there is a coherent such 
algebra 88 extending 88 v ; saturating if necessary, we may assume that 88 has 
torsion free fibers. This produces a family si <-» 88 over all of X which is an 
isomorphism over a fiberwise dense open subscheme. Reducing to k as in the 
proof of Proposition ^. 1.61 we conclude that si — > 88 is an isomorphism, whence 
the original map si v <-» 88 n is an isomorphism, showing that si n is maximal. 
(Applying the same argument to a localization of the normalization in any 
extension of the fraction field of A shows that the geometric generic fiber of si 
is maximal.) □ 

Let / : Z — > S be a flat morphism of finite presentation between algebraic 
spaces with integral geometric fibers and si an S-flat torsion free ^-algebra 
of finite presentation. Define a subfunctor Az^ c Z parametrizing morphisms 
T — > Z such that sir is Azumaya. 

Lemma 3.1.9. The map of functors Azjg Z is a quasi-compact open immer- 
sion. 
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Proof. By absolute Noetherian approximation, there is an algebraic space So of 
finite type over Z, flat morphism Zo — > So of finite type with integral geometric 
fibers, and a morphism S -> So such that the pullback of Z to S is isomorphic 
to Z. Since si is of finite presentation, we can assume that si is defined on 
Z . Now, since Z is Noetherian any open subscheme is quasi-compact. Thus, 
it suffices to prove that Az^ Z is open to conclude that it is quasi-compact. 

Since the locus over which si is locally free is open and contains Az^, we 
may shrink Z and assume that si is locally free. Consider the morphism of lo- 
cally free sheaves fi : si ® si° — > £hd(sf) given by left and right multiplication. 
We know that si T is Azumaya if and only if fi T is an isomorphism, identifying 
Az^ with the functor of points on which fi is an isomorphism. But this is equiv- 
alent to the cokernel of /j, vanishing, which is clearly an open condition. □ 

By Chevalley's theorem, the image of Az^ in S is a constructible set gAz^ c 

\S\. 

Definition 3.1.10. The set gAz^ will be called the central simple locus of si. 

The constructible central simple locus has two nice properties. First, it is 
open. 

Proposition 3.1.11. Let Z — > Sbea proper morphism of finite presentation be- 
tween algebraic spaces with integral geometric fibers. Given a relative maximal 
order si on Z, the central simple locus of si is open. 

Proof. Since the formation of gAz^ is compatible with base change and si is 
of finite presentation, we immediately reduce to the case in which S is Noe- 
therian. Now, since gAz^ is constructible, to show that it is open it suffices to 
prove it under the additional assumption that S = Spec R is the spectrum of a 
discrete valuation ring and that gAz^ contains the closed point of S. Let rj be 
the generic point of the closed fiber of Z over S. The localization si v is a finite 
flat algebra over the discrete valuation ring G z , n ■ (The latter is a dvr because 
the fiber is integral, so the uniformizing parameter on S is also a uniformizer 
in 0z,j)-) Moreover, the reduction si ®k(t\) is a central simple algebra. Thus, 
the closed fiber of the map si v ® si° -> Snd(si. q ) of free i^z,,, -modules is an iso- 
morphism. By Nakayama's Lemma, the generic fiber is also an isomorphism, 
which shows that the generic stalk of si is a central simple algebra over the 
function field of Z, as desired. □ 

Second, fixing a Brauer class yields a closed central simple locus, in the 
following sense. 

Proposition 3.1.12. Suppose X is a variety over a field k and S is a k-scheme. 
Let si be a relative maximal order on X x S. Suppose there exists a class 
a e Br(k(X)) such that for every geometric point s e gAz^ the restriction of si s 
to k{s)(X) has Brauer class a. Then the central simple locus gAz^ is closed in 
S. 

Proof. We immediately reduce to the case in which S is Noetherian. Since 
gAz^, is constructible and compatible with base change on S, and relative max- 
imal orders are stable under base change, to show that gAz^ is closed it suf- 
fices to prove it under the additional assumption that S = Spec R is the spec- 
trum of a dvr and gAz^ contains the generic point. Let r/ be the generic point 
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of the closed fiber of X x S. Given an inclusion of finite algebras i : srf n <—> B, 
there is an 5-flat coherent sheaf of ^xxs-algebras SS with an inclusion si ' S§ 
whose germ over 77 is isomorphic to 1. Indeed, the subsheaf B c -s^k(x) is a col- 
imit of the finite algebras that contain and some member of the directed 
system will have stalk B at 77. 

It follows that £/ v is a maximal order in its fraction ring F :— stf v ®K(X). 
But we know that F is a central simple algebra with Brauer class restricted 
from &xx.s,t), and therefore that any maximal order over <ffxxs,n in F is Azu- 
maya. It follows that stf v is Azumaya, and therefore that gAz^ contains the 
closed point of S, as desired. □ 

Finally, let us define a relative terminal order of relative global dimension 2. 
Suppose S is an algebraic space and Z — > S is a proper smooth relative surface. 
Suppose furthermore that R = R% + ■■■ + R m is a(n S'-flat) relative snc divisor 
on Z. 

Definition 3.1.13. A Brauer class a e Br(Z \ R) is terminal if its restriction to 
every geometric fiber Z s is terminal in the sense of Definition 2.5 of |6| and for 
each i the ramification index ei(s) of a along (Ri) s is independent of s. 

A relative maximal order g/ 011Z with Brauer class a will be called a relative 
terminal order. 

When working over a non-algebraically closed field, the pathology of Remark 
I3.1.5l remains an issue: given a Brauer class a e Br(k(X)) that is ramified but 
such that its base change to k is unramified, no maximal order with class 
a will be relatively maximal over k (because it is not geometrically maximal). 
The order srf is still relatively normal, however. Thus, if one endeavors to 
study moduli spaces associated to Brauer classes such as a, one should allow 
certain normal orders. Of course, one would not like to allow arbitrary normal 
orders in a given division algebra, only those orders whose non-Azumaya locus 
is related to the ramification locus of a over the base field. 

When the base field is algebraically closed this pathology does not happen, 
as one cannot dissolve ramification with a base extension. We will focus our 
attention on this case in the present paper. 

4. Moduli 

4.1. Notation and assumptions. In this section X — > S will denote a proper 
smooth relative surface of finite presentation and D = D\ + • • • + D r will be 
a fixed relative snc divisor in X. This means that each Di is a proper smooth 
relative curve over S and that for any pair i ^ j the intersection scheme DtDDj 
is finite etale over S. We also fix a class a e Br(Z7)[n], where U = X \ D and 
n is invertible on S. In this section we will try to describe moduli of maximal 
orders with Brauer class locally (on S) equal to a. 

Assumption 4.1.1. There are integers e\, . . . ,e r > 1 such that for each geomet- 
ric point s — > S, the fiber a\u s is ramified to order on Di, and this ramification 
configuration is terminal in the sense of Definition 2.5 of [61. 

Note that the pair (A", A) with A := — j-)Di associated to the ramifica- 
tion datum is Kawamata log terminal. This appears to be the genesis of this 
notation. 
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A simple example the reader should keep in mind is when S is the spectrum 
of an algebraically closed field and a is a Brauer class with snc ramification 

divisor D = D\ -\ V D r . Our more general setup gives us the ability to work 

with families of such Brauer classes, but a proper theory would allow singular 
fibers of X/S. 

There are two moduli problems that one can associate to the pair (X/S, a). 
As we will see, the two stacks we describe are both algebraic and are related by 
a morphism that gives bijections on geometric points. We are thus describing 
"two different scheme structures on the same set of points". The second has a 
nicer deformation theory and carries a canonical compactification admitting a 
virtual fundamental class (at least when one is working with orders in a divi- 
sion algebra). This thus gives a mildly interesting example of an infinitesimal 
modification of a naive moduli problem that has better numerical properties. 
One hopes that a study of the resulting enumerative problems is tractable, but 
this will be taken up in future work. 

4.2. Naive families. In this section we write A for the stack of S'-fiat torsion 
free coherent algebras on X. As described in Ifl2l . A is an Artin stack locally 
of finite presentation over S. 

Definition 4.2.1. The stack of naive maximal orders is the stack NMO^ s 
whose objects over an ^-scheme T are relative maximal orders s/ on X x $ T 
such that for every geometric point t — > T the Brauer class of s/\ux T t equals 
a\ux s t- 

Remark 4.2.2. One might think that in Definition l4.2.1l one should require that 
the Brauer class is a etale-locally on the base. As we will see in Section I5.5L 
this does not materially improve the situation. 

Lemma 4.2.3. Let Abe a Noetherian local ring over S and si a flat family of 
coherent &x -algebras over A. If the closed fiber of si belongs to NMO^ s then 
so does si. 

Proof. By Proposition 13. 1.8] s/ is a relative maximal order, and the usual char- 
acterizations show that si is Azumaya over Ua- It remains to show that for any 
geometric fiber of X over A the Brauer class of that fiber of s/ is a. It suffices to 
prove this under the assumption that A is a complete discrete valuation ring. 
Thus, we may assume that Xa is a regular scheme of dimension 3 and si is a 
maximal order which is Azumaya away from a snc divisor D = D\ + ■ ■ ■ + D r 
and whose Brauer class has order invertible in A. For sufficiently large and 
divisible N, the Brauer class of sfu extends to an element of f3 in the Brauer 
group of the root construction X{D 1 ^ N } (in the notation of IflOll ). By the proper 
base change theorem for the morphism X{D 1 / N } — > Spec A, the class f3 is de- 
termined by its closed fiber, so it must equal the pullback of a, whence the 
geometric generic fiber of siu has Brauer class a, as desired. □ 

Corollary 4.2.4. Let A be a complete local ring with maximal ideal m. The 
functor NM05-/ S (A) -> lim n NMO^ s (4/m" +1 ) is an equivalence of categories. 

Proof. This is the classical Grothendieck existence theorem combined with 
Proposition 13. 1.8l and Lemma [4.2.31 which says that the effectivization of any 
formal family lying in NMO^ s also lies in a^ 5 . □ 
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Proposition 4.2.5. The stack NMOJ/ s is an Artin stack locally of finite pre- 
sentation over S, and the morphism NMOw S — > A is an open immersion. 

Proof The fact that NMO^ s is locally of finite presentation over S is a sub- 
tle point: while a coherent algebra srf over X T with T = lim 7* certainly comes 
from an algebra over T i; it is by no means obvious that any such approximation 
is itself a relative maximal order. For the problem at hand, one can get around 
this as follows: the assumption on the fiberwise ramification of a implies that 
maximality of the fibers of srf is equivalent to srf being locally free as a coher- 
ent sheaf and being hereditary with the dualizing bimodule lj being invertible 
as a left module when restricted to X° := X \ D smg . A right module inverting 
u> will come from some T i; showing that NMO^ s is locally of finite presen- 
tation. As a consequence, the natural (stabilizer-preserving) monomorphism 
p : NMO^- f S -> A is locally of finite presentation. 

To see that NMO^ s -> A is an open immersion, we will show that it is 
constructible and closed under generization. To do this it suffices to pull back 
to a locally Noetherian scheme mapping by a smooth surjection to A, and thus 
we wish to prove that given a family of coherent algebras A on X T with T a 
Noetherian scheme, the locus in U over which the geometric fibers of A are 
maximal orders with Brauer class a is open. The locus on which A is locally 
free is open in X T , hence has constructible image in T. Nakayama's lemma 
shows that this locus is stable under generization, so that there is an open 
subset parametrizing locally free fibers. We replace T by this open subscheme 
and assume that A is locally free. The Azumaya locus of A is an open sub- 
scheme V c X T . The subset Ut \ V is a constructible set in X T whose image 
in T parametrizes fibers in which A is not Azumaya over U. Thus, there is 
a constructible set in T parametrizing the fibers of A that are Azumaya on U. 
The rigidity of matrix algebras shows that the Azumaya locus is also stable un- 
der generization, so that there is an open subscheme parametrizing the fibers 
that are Azumaya on U. Similarly, the locus on which the fibers have global 
dimension at most 1 (are hereditary) is open. 

The proper and smooth base change theorems (applied to root stacks) show 
that the locus of geometric fibers with Brauer class a is closed under generiza- 
tion and specialization, so that it is clopen. 

To finish the proof that NMO^ s is open in A, it thus suffices to show that 
given a family A on X T with all geometric fibers Azumaya on U with Brauer 
class a, the locus of maximal fibers is open. But (in our situation) this is equiv- 
alent to the invertibility of the left A-module w^g over the complement X° of 
the singular points of D. The locus on which loa/s is left invertible is open in 
Xj,, so its complement is closed and thus has constructible image in T, show- 
ing that the locus of such fibers is constructible. By Nakayama's lemma, this 
locus is stable under generization on T, hence open, as desired. □ 



We arrive at the somewhat surprising conclusion that maximal orders with 
Brauer class a form an open substack of the stack of all coherent algebras. 
However, the deformation theory is "arbitrarily bad" in the sense that it is 
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identical to the deformation theory of maximal orders. We will describe a re- 
finement of the moduli problem with the same closed points but different in- 
finitesimal properties that has a natural compactification admitting a virtual 
fundamental class. 

Remark 4.2.6. Without the Assumption ^, l.ll the openness of the locus of naive 
families is undoubtedly false. 

4.3. Bit Azumaya families. Write tt : X ->• X for the stack X{D 1 / n ) in the 
notation of Section 3.B of B10I ; the stack X is a product of root constructions on 
each Di and is a smooth proper Deligne-Mumford relative surface over S. 

Definition 4.3.1. The stack of bit Azumaya algebras is the stack BLT~^ S 

whose objects over T are Azumaya algebras s/ on X T such that for every geo- 
metric point t — > T the fiber &/ t is a bit Azumaya algebra with Brauer class 

a t . 

Proposition 4.3.2. The stack BLT is an Artin stack locally of finite pre- 
sentation over S. 

Proof. By the main result of 1101 . we know that the stack of all 5-flat coherent 
algebras on X is an Artin stack locally of finite presentation on S. The locus 
of Azumaya algebras is open, as is the locus where the type at each Xi is e l . 
Finally, the proper and smooth base change theorem in etale cohomology shows 
that the locus on which the fibers have Brauer class a is clopen. □ 

5. Relations among the moduli problems 

5.1. Pushforwards of Azumaya families are naive families. Let si be a 

family in BLT over a base T. The pushforward morphism tt : X — > X yields 
a sheaf of algebras A := ir*si . 

Proposition 5.1.1. The algebra A described above is a family in NMO« s . 

Proof. First, since X is tame and s/ is T-flat and coherent, we know that A 
is also T-flat and coherent, and that the formation of A is compatible with 
base change on T. Thus, to show that A is a family in NMOj^, it suffices to 

assume that T is the spectrum of an algebraically closed field K. Since X — >• X 
is an isomorphism over a dense open subset, we know that A is generically 
Azumaya with Brauer class a. By Proposition |2.2.2l we have that A is terminal, 
and Assumption 14. 1. II implies that any terminal order is maximal, completing 
the proof. □ 

Pushforward along tt thus defines a 1-morphism of stacks 

$ : BLT| /S -> NMO a x/s . 

This morphism will be the object of study for the rest of this section. In particu- 
lar, we will show that it is a proper bijection that is not in general surjective on 
tangent spaces. This thus realizes BLT as something between NMO^ s 
and its normalization. We are not sure what normality properties BLT ~ , g en- 
joys, but it is likely that it can be arbitrarily bad (although one might hope for 
stabilization as one varies discrete parameters like the second Chern class). 
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5.2. Naive families over complete dvrs and reflexive bit Azumaya al- 
gebras. Let R be a complete dvr over S with uniformizer t and algebraically 
closed residue field k and let A e NMO^ s (i2). In this section we will show 
that locally on Xr the family A comes from a reflexive Azumaya algebra over 
a stack with A„_i-singularities and coarse moduli space Xr. We will use this 
in Section [5]4] to show that $ satisfies the valuative criterion of properness. 

Write X = X[DV n ], in the notation of Section 3.B of HO). This is a stack with 
coarse moduli space X that may be locally described as follows: at a crossing 
section of two components Di and D 2 of X with local equations t\ = and 
t-2 = 0, the stack X is given by taking the stack-theoretic quotient for the 
action of fi n on 0[w\, w 2 ]/(wi — h,w 2 - t 2 ) given by ( ■ (wi,w 2 ) — (CwiX^ 1 w 2 ). 
Since D has relative normal crossings, we see that X has flat families of A n -i- 
singularities in fibers. 

As in Section [2721 we have a smooth stack X dominating X. 

We will prove the following local structure theorem in this section, and then 
study reflexive Azumaya algebras on X in the following section. 

Proposition 5.2.1. Let Speci? — > S be a dvr over S. Any algebra in NMO^ s (J?) 

is the pushforwaral from X of a unique reflexive bit Azumaya algebra on Xr 
with Brauer class a. 

Proof. Let A e NMO£ /s (i?). By Proposition [2JLU the generic fiber A v is the 
pushforward of an Azumaya algebra srf v on X r] . Since X — > X is relatively tame, 
we see that the pushforward of s/ v to X is a reflexive bit Azumaya algebra A v 
that pushes forward to A n . 

The morphisms Xr ->Ijj-> Xr are isomorphisms over the generic point 
of the closed fiber of Xr. Moreover, the order A is Azumaya in a neighborhood 
of that point, and all of the orders and Azumaya algebras described so far are 
contained in the localization B of A at this point. 

Lemma 5.2.2. Let Z be an integral S 2 Noetherian Deligne-Mumford stack and 
A a finite -dimensional n{Z)-algebra. Suppose for each codimension 1 point z 
there is given a maximal order B z c A over the local ring 0z,z- Then there is at 
most one maximal order B over Z such that B ® & 'z, z — B z c A. 

Proof. Given two such maximal orders B and B', consider the algebra B" := 
BC\B'. Since B and B' are S 2 , we have that B" is also S 2 . Since B" is S 2 and 
maximal in codimension 1 it is maximal. By hypothesis, the inclusions B" c B 
and B" c B' are isomorphisms are all codimension 1 points. Thus, B" —> B 
and B" — > B' are isomorphisms, as desired. □ 

Now let A be any reflexive extension of A n that localizes to B. We see that 
the pushforward of A is a maximal order agreeing with A in the generic fiber 
and at the generic point of the closed fiber, and thus at all codimension 1 points. 
Applying Lemma l5.2.21 we conclude that A pushes forward to A, as desired. □ 

5.3. Local structure of reflexive Azumaya algebras on families of ra- 
tional double points. In this section we will analyze the local structure of 
reflexive Azumaya algebras on X. 

Let R be a complete dvr with uniformizer t and algebraically closed residue 
field fc of characteristic 0. Let Z := Spec B Spec R be a smooth relative affine 
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surface and D\,D2 C Z smooth relative curves whose intersection S := DinD 2 
is isomorphic to the scheme-theoretic image of a section of Z/R. Replacing Z 
with an open subscheme containing S if necessary, we may assume that A 
is the vanishing locus of a global function ti £ V{Z, ffz), i = 1,2. Let Z' = 
Spec B[w]/(w n — tit 2 ) be the cyclic cover branched along D\ U D 2 ; there is a 
section a : R ^ S' a Z' lifting S. There is a stack J° with coarse moduli space 
Z' given by taking the quotient of Spec B[w\ , u> 2 ]/(u>™ — h , tuj — *a) by the action 
of /x„ in which ( ■ (wi,w2) = (C w i> C -1 ^)- The natural map — >• Z' is an 
isomorphism away from the singular locus S'. 

Write z € Z' for the closed point of S', and let Y' = Spec z and <&' = Y x z , 
3? be the Henselizations of Z' and J° at z. Because R is strictly Henselian, 
there is a section T c Y — > Spec i? lying over S'. Finally, let Y be the Henseliza- 
tion of Y' along T and let ^ = W Xy> Y, with tt : ^ -> Y the natural map. We 
have that (&~ x Y T) red is isomorphic to Bfi n T . Write U = Y \ T; this is in fact 
the regular locus of Y, and it has regular geometric fibers over R. Note that, 
as a limit of Henselian local schemes, Y is itself still a Henselian local scheme. 

Lemma 5.3.1. The Brauer group Br(U) is trivial. 

Proof. By purity, we have that Br(f7) = Br(^), so it suffices to show that the 
latter vanishes. Since Y is Henselian along T, we have by the usual deforma- 
tion arguments that Br(^) = Br(B/x n T ), so it suffices to show that this last 
group is trivial. 

Consider the projection n : Bfj, nT — > T. The Leray spectral sequence yields 
H P (T, R97r*G m ) => W +q (B/j, n Tl G m ). We know by §4.2 of (ill that R 2 tt^„ = 
and R 1 7r*G m = Z/nZ. Since R is Henselian with algebraically closed residue 
field we have that H 1 (T, Z/nZ) = 0. The sequence of low degree terms then 
shows that the pullback map H 2 (T, G m ) R 2 (Bfi n T , G m ) is an isomorphism. 
But, again because R is Henselian with algebraically closed residue field, we 
know that H 2 (T, G m ) = Br(T) =0. □ 

Corollary 5.3.2. A reflexive Azumaya algebra on Y has the form Snd{M), 
where M is a reflexive Gy-module. 

Proof. Let srf be a reflexive Azumaya algebra. By Lemma [5.3. II we know that 
si\\j = §nd(y) with V a locally free coherent sheaf on U. If M is the unique 
reflexive coherent extension of V then £nd(M) is reflexive and isomorphic to 
srf in codimension 1, whence = Snd{M). □ 

Proposition 5.3.3. Suppose si is a reflexive Azumaya algebra of degree r onY 
such that the restriction srf ' ®kis a reflexive Azumaya algebra onY ®k. Then 

(1) si = $nd(M) with M a direct sum of indecomposable reflexive 6y 
modules of rank 1; 

(2) there is a bit Azumaya algebra 38 onty such that si = -k*33. 

Proof. By assumption we have that s/ ® k = £nd(V) with V a reflexive &y®k- 
module. But Y ® k is the Henselization of an A„_i -singularity, so we know that 
V decomposes as a direct sum of reflexive modules of rank 1 by the McKay 
correspondence QJ. This gives rise to a full set of idempotents e 3 e s/(Y <g>fc), 
j = 1, . . . ,r. Since Y is Henselian, these idempotents lift to global sections 
e.j of sf. By Corollary 15.3.21 we have that s/ = Snd{M). The idempotents 
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decompose M as a direct sum of submodules of rank 1. Since M is reflexive, 
each of these summands is reflexive, proving the first statement. 

To prove the second statement, note that a reflexive sheaf of rank 1 on Y 
is the pushforward along -k of a unique invertible sheaf on & . Thus, M is 
isomorphic to n*N for some locally free sheaf f on W . The Azumaya algebra 
8$ = Snd{N) has reflexive pushforward that is canonically isomorphic to si 
over U, whence si = tt*£$, as desired. □ 

5.4. Proof that $ is a proper bijection. In this section we show that $ : 
BLT- , g — > NMO^ s is a proper morphism. Since it is already locally of finite 
presentation and bijective, it suffices to show the following valuative criterion. 

Proposition 5.4.1. If R is a complete dvr over S then any naive family A on 
Xr has the form ir*s/, where si is an Azumaya family on Xr. 

Proof By Propostion l5.2.1[ we know that A is the pushforward of a family 8§ 
of reflexive Azumaya algebras on X. It thus suffices to show that Zi8 = p*si, 
where p : X — > X is the natural morphism. 

Let V c X be the smooth locus of X/S. By construction there is a natural 
diagram 



in which the diagonal arrows are fiberwise dense open immersions whose com- 
plements have codimension two in each geometric fiber. By the theory of hulls 
[9], we have that the adjunction map 38 -t j*&v is an isomorphism. Since 
pi = j, to prove the result it suffices to prove that i*£8y is an Azumaya algebra 
rail 

This latter statement is etale local on X, so we may replace X by the local 
Henselian scheme Y of section [5T3l In this case we have that SS is isomorphic 
to p*s4 for some Azumaya algebra si '. The algebra i*3&y is thus isomorphic 
to i#s/y, and so it suffices to show that the adjunction map a : si — ¥ i*s/ v is 
an isomorphism. But the stack X is regular and s/ is locally free, so a is an 
isomorphism if and only if it is an isomorphism in codimension 1. Since V has 
codimension 2, we know that a is an isomorphism at every codimension 1 point, 
and the result follows. □ 

5.5. Proof that <f> need not be an isomorphism. In this section we prove 
that the map BLT — > NMO^/s need not be an isomorphism by exhibiting 
examples for which the map on tangent spaces is not surjective. 
Let D c X be a smooth divisor in a projective surface such that 

(1) there is an infinitesimal deformation D c X <g> k[e] for which ff x ® fefe] {p — 
D®k[e\) is non-torsion in Pic(Xfcw); 

(2) there is a bit Azumaya algebra si on X for which the pushforward ir*si 
is a maximal order on X of period n and H 2 (X, si jG^) = 0. 



X 



V 
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Write X' = X k[£] {D^ n } and (by abuse of notation) vr : X' -> X k[e] for the 
projection to the coarse moduli space. By deforming si to X' we will make a 
tangent vector to NMO x /s that does not lie in the image of the tangent map 
toBLT^. 

Proposition 5.5.1. There is a deformation si' of 'si to a bit Azumaya algebra 
on X' such that the resulting object A 1 = n*&/' ofNM.O x /s{k[ £ ]) i- s n °t i- n the 
image o/"BLTj^ s . 

Proof. The key to the proof is to relate the dualizing bimodule of A' to the 
divisor class T>. 

Lemma 5.5.2. Given X', si' and A 1 as above, there is a natural isomorphism 

U T = A!® ffXm u4 Me]/fe[e] ((n-l)D). 

Let us briefly accept Lemma 15.5.21 and see how to complete the proof of 
Proposition 15.5.11 

Lemma 5.5.3. The pullback map Yic{X k ^) — > Pic(A') is injective modulo tor- 
sion. 

Proof. The reduced norm defines a sequence — > (si') x — >• & x such that 
the composition is raising to the nth power (and thus surjective in the etale 
topology). Applying the etale H 1 functor we see that the map H^X, ff x ) — s> 
H (X, (A') x ) is injective modulo ri-torsion. Finally, we note that invertible A'- 
bimodules are classified by the latter cohomology group. □ 

If A' is in the image of BLT^ s (fc[e]), the analogous computation with D fc [ e ] 
in place of D would yield an isomorphism between the bimodules uj% n and 

A' ®0x k[ j a; x fc[ j/fc[ £ ](( n _ l)Ac[ £ ])- Applying Lemma 15.5.31 we conclude that 
£?{T> — Dk[e]) is torsion in Pic(X k [ £ ]), contrary to our original hypothesis. □ 

It remains to prove Lemma [5.5.21 

Proof of Lemma |5. 5. 21 To simplify notation, write X' — Xk[ e ] and write uj X ' for 
the relative dualizing sheaf over k[e\. Recall that the dualizing bimodule is 
given by the sheaf 3HPome x , (A', u)x')- Writing A' = ir*&/' and using duality, we 
have isomorphisms of bimodules 

uia' = M'omff , {-k*s/' ,uj x >) = TT tt Jfom(s/' ,tt'u>x') 

— ir*Jtfom(si' ,lo x ,) — 7T*(.e/ igiWy,). 

As an ^'-bimodule, we have that O"®^,)®" = &/'®u)%?{{n - 1)2)). To 
see this, note that we can locally write X' = [Spec &x' [z]/{z n - t)/fi n ], where 
t is a local equation for D; computing the relative differentials immediately 
yields the result. 

There is a natural map 

giving rise (using the computation of the preceding paragraph) to a map 

(f):oj AI ->• A'®wf, n ((n-1)D) 
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that we wish to show is an isomorphism. 

Note that an etale-local model for X',A',£/' around a closed point of X' is 
given by the trivial family whose fiber is the standard cyclic algebra. Thus, 
to prove that is an isomorphism it suffices to prove it for the local constant 
family, and thus (by compatibility with pullback) for the local family over a 
smooth surface over k. But this is Proposition 5 of 0. □ 

To give a concrete example, let X = E x E for a smooth projective curve 
of genus 1 over an algebraically closed field of characteristic and let D = 
D\ + D 2 be the sum of two disjoint closed fibers of the second projection. Let 
E' c E be the complement of the image of D under pr 2 . There is a finite 
covering C — > E' of degree 2 that is totally ramified at both points of E \ E', 
giving a class a £ H 1 (i?', Z/2Z). Choosing any /3 e H 1 ^, we can form the 
class pr 2 a U pr* fi £ R 2 (E x E', /x 2 ), giving a Brauer class 7 e Br(k(E x E)). 
Elementary computations show that the ramification extension of this Brauer 
class on each component of D is given by the class of /3, so that maximal orders 
must be hereditary along D. 

Any non-constant infinitesimal deformation of D (e.g., that induced by mov- 
ing along E) will give a D as in the statement of Proposition lSTBTTl It remains to 
show that there is an unobstructed Azumaya algebra on the stack X — > E x E 
branched over D. Since Br(X) = Br'(jf), there is certainly some Azumaya al- 
gebra in that class. Producing one that is unobstructed is a standard argument 
that can be found written out for projective surfaces in Proposition 3.2 of (8). 
We omit the details. 

Remark 5.5.4. The construction given here also shows that fixing the Brauer 
class to be a etale-locally on the base of families in Definition 14.2.11 does not 
ameliorate the situation, as any infinitesimal deformation of the class of a on 
E x E' is constant. 

6. Generalized Azumaya algebras on X 

In this section we will suppose that S = Spec k is the spectrum of an alge- 
braically closed field. We will compactify the stack BLT and show that this 
compactification has a relative virtual fundamental class when a has order n 
on each geometric fiber of X/S. The constructions described here are almost 
identical to those in lfl5ll . By the proper and smooth base change theorems in 
etale cohomology, any family in BLT defines a section of the finite constant 

sheaf (scheme!) R 2 /*/x„, where / : X — > S is the structural morphism, giving 
a morphism of stacks 

c : BLT| /S R 2 /*AV 
Thus, to compactify BLT we will compactify each fiber. 

Write a G H 2 (X, juj for a lift of a via the Kummer sequence. The fiber of c 
over a will be denoted BLT Let p : — > X be a /x ?l -gerbe representing the 
class a. That there is such an Artin stack is discussed in Section 2.4 of 1111 . In 
Sections 2.2 and 2.3 of HUH or in 11141 the reader will also find a discussion of 
the theory of ^T-twisted sheaves in connection with the Brauer group. 
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Definition 6.1. A torsion free JT-twisted sheaf & is bit if the ^-algebra 
p*$nd{&) is bit on the Azumaya locus. 

Let Sh sc denote the stack of torsion free bit ^"-twisted sheaves of rank n 
with trivial determinant. The basic result on the stack Sh % is the following. 

Proposition 6.2. The stack Sh^r is anArtin stack locally of finite presentation 
over S. Moreover, SYi % is a G m -gerbe over an algebraic space Sh^ with proper 
connected components. 

Proof. This proven in Sections 3 and 4 of IflBI , once we note that any torsion 
free -twisted sheaf of rank n is automatically stable when the Brauer class 
has period n. □ 

Let Sh^- denote the locus of locally free S"-twisted sheaves. The morphism 

f i — y p^S'nd(y) defines a morphism of stacks e : Sh^- BLT~^ S . 

Lemma 6.3. The morphism e is an epimorphism of stacks. 

Proof. Since both stacks are locally of finite presentation, it suffices to prove 
that if S is strictly Henselian and A is an Azumaya on Xs with Brauer class a, 
then A is of the form p*£ , nd(f r ) for f a bit locally free ^s-twisted sheaf. 

This follows immediately from Giraud's description of the cohomology class 
in H 2 (X, fj, n ) associated to A: one takes the stack of isomorphisms Shd(V) A 
with V locally free with trivialized determinant dot V —> G. This is a /x„-gerbe 
S£ , and the sheaves V glue to give an ^T-twisted sheaf of rank n with trivial 
determinant. □ 

Let G — Picj-^ s [n] be the (finite) n-torsion subgroupscheme of the relative 

Picard scheme. Given an invertible sheaf Jzf with a trivialization Jzf® 71 ^> 
there is an induced 1 -morphism ® jSf : Sh.gr — >■ Sh.gr. 

Lemma 6.4. The morphisms ® S£ defined above as Jzf ranges over a set of rep- 
resentatives for G define an action G x Shgr — > Sh.gr. 

Proof. Given an invertible sheaf Jzf with a trivialization Jzf® " —> 6 and a tor- 
sion free sheaf & of rank n with a trivialization det & —> G, we get a trivial- 
ization 

det(^®JSf) 4det(J^)(g)Jzf®" ^ 6®G ^ G. 
This map induces the action. □ 

Proposition 6.5. The morphism e : f *-> p^SndiV) induces an isomorphism 
of stacks 

[Sh^ /G] ^ BLT| /S . 

Proof. Via the morphism e the scalar multiplication action on "V is sent to the 
trivial action on p^SndiV) so that e factors through an epimorphism of stacks 
e : Sh^. — > BLT~ , g . It follows from the Skolem-Noether theorem that any 

isomorphism p*$nd{V) —> p*$nd(y') comes from an isomorphism Y ^> ~f" ® L 
for some invertible sheaf L, and that any invertible sheaf L induces a canonical 
isomorphism p*£hd(Y) ^ p*£nd{f ®L). 



BLT AZUMAYA ALGEBRAS AND MODULI OF MAXIMAL ORDERS 



19 



Since G acts by twisting by invertible sheaves, the morphism e factors through 
the quotient as e : [Sb4 /G] -> BLT| /S . On the other hand, suppose given 

an isomorphism p^Snd^Y) ^ p*£nd(W). By the above remark, we have that 
there is an invertble sheaf M and an isomorphism "f —> "W <g> M. Taking deter- 
minants gives an isomorphism detV ^> det W M® n . Via the isomorphisms 
det V ^ & and det W —> 6 we get a canonical isomorphism M® n —> O, display- 
ing W as the image of f under ® M. This shows that e is a monomorphism, 
showing that it is an isomorphism. □ 

We are now ready to compactify BLT so that there is a virtual funda- 
mental class. 

Proposition 6.6. The stack [Sh.gr / G] carries a virtual fundamental class and 
compactifies BLT ~ 

Proof. Exactly as in Proposition 6.5.1.1 of IfTBH . there is a natural virtual fun- 
damental class on Sh^- with perfect obstruction theory given by the complex 

L 

of traceless homomorphisms Rp*'R£'nd(i / , <^x/s ® ^)o- Taking the trace of this 
obstruction theory as in Section 6.5.2 of [15] yields a perfect obstruction theory 
on the quotient [Sh.^r /G], as desired. □ 
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